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Abstract. Following the point of view of Gray and Hervella, we derive detailed 
conditions which characterize each one of the classes of almost quaternion-Hermitian 
An- manifolds, n > 1. Previously, by completing a basic result of A. Swann, we give ex- 
plicit descriptions of the tensors contained in the space of covariant derivatives of the 
fundamental form SI and split the coderivative of SI into its Sp(rt)Sp(l)-components. 
For 4n > 8, A. Swann also proved that all the information about the intrinsic torsion 
VS7 is contained in the exterior derivative dfi. Thus, we give alternative conditions, 
expressed in terms of dSl, to characterize the different classes of almost quaternion- 
Hermitian manifolds. 
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1. Introduction 

An almost quaternion-Hermitian manifold is a Riemannian 4n-manifold (n > 1) 
which admits a Sp(n)Sp(l)-structure, i.e., a reduction of its frame bundle to the 
subgroup Sp(n)Sp(l) of SO(4n). These manifolds are of special interest because 
Sp(n)Sp(l) is included in the list of Berger ([2]) of possible holonomy groups of 
locally irreducible Riemannian manifolds that are not locally symmetric. An al- 
most quaternion-Hermitian manifold is said to be quaternion-Kahler, if its reduced 
holonomy group is a subgroup of Sp(n)Sp(l). 

A general approach to classify G-structures compatible with the metric in a 
Riemannian manifold is described as follows. Given any Riemannian manifold M m 
and a Lie group G that is the stabilizer of some tensor <p on R m , that is, G = {g G 
SO(m) : g<p = <p}, a G-structure on M defines a global tensor tp on M, and it 
can be shown that (the so-called intrinsic torsion of the G-structure, where V 
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denotes the Levi-Civita connection) is a section of the vector bundle W = T^M^jj- 1 , 
being so(m) = q © g- 1 . The action of G splits W into irreducible components, say 
W = Wi © ... © Wfe. Then, G-structures on M can be classified in at most 2 k 
classes. 

This systematic way of classifying G-structures was initiated by A. Gray and L. 
Hervella in [8], where they considered the case G = U(n) (almost Hermitian struc- 
tures), giving rise to sixteen classes of almost Hermitian manifolds. Later, diverse 
authors have studied the situation for other G-structures: G2, Spin(7), Spin(9) etc. 
In the present paper we are concerned with the case G = Sp(n)Sp(l), i.e., we con- 
sider a 4n-manifold M with an Sp(n)Sp( restructure, n > 1. Associated with this 
type of geometric structure there is a four-form f2, given by 2.1, such that fi n is 
nowhere zero. An orientation on the manifold can be defined regarding a constant 
multiple of Q n as volume form, and Sp(n)Sp(l) is the stabilizer of Q under the action 
of SO{An). Moreover, VQ is contained in W = T*M <g> (sp(n) ©sp(l))" L . The split- 
ting of the Sp(n)Sp(l)-module W was shown by A. Swann in [16] (see Proposition 
2.1 of the present paper). Such a decomposition consists of four or six irreducible 
components, for An = 8 or An > 8, respectively. Therefore, it is already known 
how many classes of almost quaternion-Hermitian manifolds we have at most, 16 or 
64. But actually, to our knowledge, except some partial results (see [19]), there are 
not explicit descriptions of each one of such classes. Thus, the main purpose of the 
present paper is to show conditions which define each class, and that is the content 
of the second column of Table 2 (page 19). 

For some G-structures, the intrinsic torsion Vtp is totally determined by tools of 
the exterior algebra. This implies that we would have an alternative easier way to 
characterize each class. For an Sp(n)Sp(l)-structure, when An > 8, this is such a 
case. A. Swann in [16] proved that all the information about the covariant derivative 
Vf2 is contained in the exterior derivative dQ. Thus alternative conditions expressed 
in terms of dQ are displayed in the third column of Table 2 to characterize the 
different classes of almost quaternion-Hermitian manifolds of dimension higher than 
eight. Since for dimension eight, dQ only contains partial information of Vf2, in this 
case we can only characterize, via dQ, eight of the possible sixteen classes. Such 
characterizations are shown in Table 3. 

2. Almost quaternion-Hermitian structures 

Almost quaternion-Hermitian manifolds have been broadly treated by diverse au- 
thors ([12], [16], etc.). In this section we recall basic definitions and known results. 
A 4n-dimensional manifold M (n > 1) is said to be almost quaternion-Hermitian, 
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if M is equipped with a Riemannian metric (, ) and a rank-three subbundle Q of the 
endomorphism bundle End TM, such that locally Q has an adapted basis I, J, K 
with I 2 = J 2 = -1, K = IJ= -31, and {AX, AY) = (X, Y), for A = I,J, K. This 
is equivalent to saying that M has a reduction of its structure group to Sp(n)Sp(l). 

There are the three local Kahler-forms u>a{X, Y) = (X, AY), A = I, J, K. From 
these one may define a global four-form, non degenerate Q, the fundamental form, 
by the local formula 

(2.1) Q = uji A ujj + ujj A ojj + 0Jr A oJk- 

Now, we recall some facts about almost quaternion-Hermitian manifolds in re- 
lation with representation theory. We will follow the E-Jf-formalism used in [12], 
[16]- [19] and we refer to [6] for general information on representation theory. Thus, 
E is the fundamental representation of Sp(n) on C 2n = H n via left multiplication by 
quaternionic matrices, considered in GL(2n, C), and H is the representation of Sp(l) 
on C 2 = H given by q.( = (q, for q G Sp(l) and ( G H. An Sp(n) Sp(l)-structure on 
a manifold M gives rise to local bundles E and H associated to these representation 
and identifies TM <g) R C = E <g> c H. 

On E, there is an Sp(n)-invariant complex symplectic form Ue and a Hermitian 
inner product given by (x, y) c = uj e (x, y), for all x,y G E and being y = jy (y — > y 
is a quaternionic structure map on E = C 2n considered as left complex vector space) . 
The mapping x — > x^ = u>e(-, x) gives us an identification of E with its dual E*. If 
{ei, . . . , e n , ei, . . . , e n } is a complex orthonormal basis for E, then cu^ = A = 
e i^i ~ ^t e i ' ■> where we have used the summation convention and omitted tensor 
product signs. These conventions will be used throughout the paper. 

The Sp(l)-module H will be also considered as left complex vector space. Re- 
garding H as 4-dimensional real space with the Euclidean metric (,) such that 
j, k} is an orthonormal basis, the complex symplectic form u>h is given by 
ujh = 1* A + A;* A + i(l* A A;* + A j*), where hft is the real one-form given 
by q — > (h,q). We also have the identification, q q u = uj H (-,q), of H with its 
dual H* as complex space. On H, we have a quaternionic structure map given by 
q = Z\ + z 2 i ? = jq = + where Zi^SC and ^1,^2 are their conjugates. 
If h G H is such that (/i, h) = 1, then {/i, h} is a basis of the complex vector space 
H and cu H = h" A 

The irreducible representations of Sp(l) are the symmetric powers S k H = C k+1 . 
An irreducible representation of Sp(n) is determined by its dominant weight (Ai, . . . , 
A n ), where Aj are integers with Ai > A2 > . . . > A n > 0. This representation will 
be denoted by V^ Alv " ,Ar \ where r is the largest integer such that A r > 0. Familiar 
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notation is used for some of these modules, when possible. For instance, = S k E, 
the kth symmetric power of E, and yC 1 --. 1 ) = AqE, where there are r ones in 
exponent and AqE is the Sp(n)-invariant complement to ujeA t ^ 2 E in A r E. Also 
K will denote the module V^ 21 ), which arises in the decomposition E <g> AqE = 
AqE + K + E, where + denotes direct sum. 

As we have pointed out in the introduction an analogue of the Gray-Hervella 
classification may be obtained for almost quaternion hermitian manifolds by consid- 
ering the covariant derivative Vf2 of the fundamental 4- form Q (2.1). For dimension 
at least 12, this leads to 2 6 = 64 classes. Such quaternionic classes come from the 
following Sp(n) Sp(l)-decomposition. 

PROPOSITION 2.1 (Swann [16]) The covariant derivative of the fundamental 
form fl of an almost quaternion- Hermitian manifold M of dimension at least 8, has 
the property 

Vfi G T*M®(sp(n) ©sp(l)) ± T*M®A 2 ES 2 H = (A 3 E + K + E)(S 3 H + H). □ 

If the dimension of M is at least 12, all the modules of the sum are non-zero. For 
an eight-dimensional manifold M, we have AlES 3 H = A^EH = {0}. 

REMARK 2.2 Let V be a complex G-module equipped with a real structure, where 
G is a Lie group. In the previous proposition and most of the times throughout this 
paper, V also denotes the (+1) -eigenspace of the structure map which is a real G- 
module. The context should tell us which space are referring to. However, if there is 
risk of confusion or when we feel that a clearer exposition is needed, we denote the 
second mentioned space by [V] . 

For sake of simplicity, we are referring to a real vector space V of dimension An 
with n > 1. In the final conclusions, we will apply the obtained results to an almost 
quaternion-Hermitian manifold M and V will be T P M, the tangent space at p G M. 

Thus, V is equipped with an Euclidean metric (, ) and a three-dimensional sub- 
space Q of the endomorphism space End V such that Q admits a basis /, J, K, with 
I 2 = J 2 = -1, K — IJ — —JI and {Ax, Ay) = (x, y), for A = I, J, K. From the 
two- forms ua(x, y) = (x, Ay), a four- form Q is defined as in 2.1. 

Moreover, we can consider V as a left complex vector space by defining (a+bi)x = 
ax + blx, x & V and a + bi G C. We denote E when we refer to V as complex 
vector space and we have dimE = dim c V = 2n. The Sp(n)-representation E has 
a quaternionic structure map E — * E given by x — > x = Jx and is equipped 
with the Sp(n)-invariant complex symplectic form uje = —^j — iuJx- Note that 
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x u = —Jx — iKx, where x also denote the dual form y — > (y, x), for all y G V(the 
identification V = V*). 

The complexification of the real vector space V can be identified with E® C H via 
the isomorphism V® R C — > E® c ff, defined by ® c zh + Jx®czh, where we 

have fixed h G H such that (h, h) = 1. On E® c if, we can consider the real structure 
map x® c q — > x<S>cQ, which corresponds with the map x® K z — > x® R 2 on V<g> R C. The 
(+l)-eigenspace [EH] = V® R ]R = V is the real irreducible Sp(r2,)Sp( ^-representation 
determined by the complex irreducible Sp(n)Sp( ^-representation E ® c H of real 
type. 

Taking (, ) c = (, ) + iu>i into account, for x G E, we obtain that the restrictions 
of x u ]T, x u lr, x"h w and to V = [EH] are given by 

x^/ify = Jx - ifTx, x w /ify = x + z/x. 

The following conventions will be used in the sequel. If 6 is a (0, s)-tensor, we 
write 

A(i)b(Xi, . . . ,Xi, . . . , X.) = — . . . , AX h . . . , X,), 
A6(X l5 . . . ,X a ) = (-l) s b(AX 1 , AX S ), 
i A b= (A {1) + . . . + A {s) )b, 

for A — I, J, K. We also consider the extension of (•, •) to (0, s)-tensors given by 

(a,b) = ±a(e il ,...,e is )b(e il ,...,e is ), 

where {ei, . . . , e 4ri } an orthonormal basis for V. Finally, we define the Sp(n)Sp(l)- 
map L : A P V* -> A P V* by 

(2.3) L(b)= £ E AoAiA 

A=J, J,_ftT l<i<j<p 

3. The space of covariant derivatives of Q 

In this section we will give an explicit description of the tensors which are contained 
in the space of covariant derivatives of the fundamental four form Q. For such a 
purpose, we consider the space V* ® (sp(n) + sp(l)) ± = V* <g> A 2 Q ES 2 H C V* ® A 2 V* 
consisting of the tensors c which, for an adapted basis /, J, K of Q, satisfy: 

i)* C + I(2)I(3)C + J(2)J(3)C + K(2)K($C = 0; 

ii)* (-jc, w A > = 0, for A = I,J, K. 
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We recall that A 2 V* = S 2 E + S 2 H + A 2 ES 2 H, where S 2 E = sp(n) and S 2 H = sp(l) 
are the Lie algebras of Sp(n) and <Sp(l), respectively. 
Now we define the Sp(n)Sp(l)-map 

T : V* <g> A 2 ES 2 H -> V*®A 4 V*, 

Since AqES 2 H is an irreducible Sp(n)Sp(l)-module, by Schur's Lemma (see [6, p. 
110]), T : V* <8> AlES 2 H -> .F(V* <g> AqES 2 H) is an Sp(n)Sp(l)-isomorphism. If 
o = .F(c), one can check 

(3.1) — 8nc(x, z) = (xja, ?/ A (z_ifi) — z A (yjfl)), 

for all x,y,z G V. Thus the map a — > c, defined by 3.1, is the inverse map of T . 

PROPOSITION 3.1 IfaeV*(g) A 4 V* ; the following conditions are equivalent: 

1) ae V*®A 2 ES 2 H. 

2) There exists an adapted basis I,J,K of Q and a unique triplet ci,cj,ck G 
V* <S> A 2 V* associated with such a basis, satisfying a = J2a=i,j,k c a A uj a and 
the conditions: 

i) A {2 )A {3) c A = -c A , for A = I,J, K. 

h) I(2)J(3)CK + J(2)K{ ? )C I + K(2)I( 3 )Cj = 0. 

iii) (-jCa, ojb) = 0, for A, B = I, J, K. 

3) There exists an adapted basis /, J, K of Q and three tensors dj, dj, dx G V* <8> 
A 2 V* ; satisfying a = J2a=i,j,k A uj a and the conditions: 

i) ' A {2) A {3) d A = -d A , for A = I,J, K. 

ii)' I( 2 )J(3)d K + J( 2 )K(3)di + K (2) I {3) dj = 0. 

Proof - If a G V* <g> AlES 2 H, then a = .F(c). Therefore, a = Ea=/,j,*: c a Acja, where 
= |j'a(--ic). Taking conditions i)* and ii)* into account, it follows that cj, cj and 
Cx satisfy conditions i), ii) and iii) of the lemma. 

On the other hand, if a = J2a=i,j,k c a A uj a with cj, cj, ck satisfying the con- 
ditions i), ii) and iii), we consider the tensor c = | J2a=i,j,k j 'a(' jC a)- Taking i), ii) 
and iii) into account, it follows that c satisfies conditions i)* and ii)* and J-{c) = a. 
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Hence a G V* <E> A^ES 2 !!. Hence, 1) is equivalent to 2). The triplet c/, cj and ck is 
unique, because one can check —Atica(x, y, z) = a(x, y, z, e r , Ae r ). 

In order to prove 3) implies 2), let us consider the tensors Cj, Cj, Ck given by 

ci = di + ^{di,uJj)uJj + ^(di,u K )u K . 

The tensors cj and ck are also defined from this identity by cyclically permuting 
/, J, K. Throughout this paper, when we have three equations depending cyclically 
of /, J, K as here, we will write only one equation without further comment. Note 
that d A G V* ® (S 2 H + A 2 Q ES 2 H) and c A is its projection on V* ® AgES 2 if. Also 
note that a = E^z.j.a: c a A and that cj, cj and ck satisfy i), ii) and iii). □ 

REMARK 3.2 In the context of almost quaternion- Hermitian manifolds, we con- 
sider a = Vfi and we have d A = 2Vu>a- In fact, 2Vua satisfies condition i)' ([8]) 
and it is an easy exercise to check that Vuj, Vuj, Vujr satisfy condition ii)'. Ten- 
sors ca satisfying conditions i), ii) and iii) are given by 

cj = 2Vw/ + i(Vw/,o;j>a;j + \{Vuj u uj k )uj k . 

LEMMA 3.3 Let L : A 4 V* -> A 4 V* &e denned &y 5.5, £/ien /or a// a G A 2 ES 2 H C 
A 4 V* we have L(a) = 2a. In particular, in a context of almost quaternion- Hermitian 
manifolds we have L(Vx^) = 2V x&, for all tangent vector X . 

Proof - By Proposition 3.1, for all four-form a G AqES 2 H, we have a = J2a=i,j,k c a A 
wa, where cj, cj, are skew-symmetric two-forms satisfying conditions derived di- 
rectly from i), ii) and iii) of Proposition 3.1. Moreover, — 4tica(x, y) = a(x, y, e r , Ae r ). 
By straightforward computation, we obtain 

L(a)(x,y,e r ,Ie r ) = —4n(—2c I (x,y) + ci(Jx,Jy) + ci(Kx,Ky) + 2cj(Kx,y) 

+2cj(x, Ky) - 2c K (Jx, z) - 2c K (x, Jy)) . 

Now, making use of the conditions satisfied by cj, cj and ck, we will have 
L(a)(x,y,e r , Ie r ) = —8nci(x,y). In a similar way, we can obtain L(a)(x, y, e r , Je r ) = 
—8ncj(x,y) and L(a)(x,y, e r , Ke r ) = —8ncK(x,y). 

If a ^ 0, then cj ^ or c,j ^ or c K ^ 0. Therefore, L(a) 7^ 0. Since 
there is only one copy of AqES 2 H in the Sp(n)Sp(l)-decomposition of A 4 V* (see [14, 
p. 127]), by Schur's Lemma, L is an Sp(n)Sp(l)-isomorphism on AqES 2 H. Thus 
L(a) = 2J2a=i,j,k c a A u A = 2a. □ 
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There is an alternative description of V* <8> Af ) ES 2 H as a subspace of V* ® A 4 V* = 
V* <g> A 4 (EH). In fact, we have A 2 ES 2 H (AgE A uj e ) ® A 2 S 2 H C (EH) 4 . Since the 
restriction to (AgE A cj e ) <S> A 2 S 2 H of the alternation map a : (EH) 4 -> A 4 (EH) is 
non-zero, by Schur's Lemma, we have 

(3.2) V* <g> A 2 ES 2 H = V*®a ((A^E A {u; E }) ® A 2 S 2 H) C V* <g> A 4 (EH). 

Next we obtain an Sp(n)Sp(l)-automorphism on V* <8> A 2 ) ES 2 H, which will play 
significant role in explicit descriptions of classes of almost quaternion Hermitian 
manifolds. Thus, we consider C : V* <8> A 2 ES 2 H -> V* ® A 2 ES 2 H, defined by 

(3.3) C(a) = A (l) (A {2) + ... + A (5) )a. 

A=I,J,K 

Relative to the map C, we have the following results. 
PROPOSITION 3.4 i) C is an Sp(n)Sp(l) -isomorphism. 

ii) (AgE + K + E)H consists ofaeV*® A 2 Q ES 2 H such that C(a) = 4a. 

iii) (AgE + K + E)S 3 H consists ofaeV*® A 2 ES 2 H such that C(a) = -2a. 
Proof - Let us consider the <Sp(l)-maps Id®uj23 : 

H®A 2 S 2 H -> H®S 2 H ^ S 3 H+H, 
s : H ® S 2 H -> S 3 H and cj i2 : H ® S 2 H -> H, where Id is the identity on H , s is 
the symmetrization and u; a/3 is the a/3- contraction in A 2 (S 2 H) by u H . Note that 
id ® ^23 is an isomorphism, H = ker s° (Id ® a; 23 ), S 3 H = ker uj 12 ° (Id ® o; 2 3) and 
both are Sp(l)-subspaces of ff (g) A 2 S 2 H. Taking this into account, it follows that 

h w ® a w /i w A h u h u -h w ® A (/^a w + a w /i w ) G ker s ° (Id <g> cj 23 ) = H, 
ft" <g> h w h w A (/i h, /i w + /i w /i w ) G ker u 12 ° (/d <g> w 23 ) = S 3 H. 

For x,y, z G E, we regard the tensor 

i] = K® (y" A z") A cj e } <g> [h" ® h w }f A -h u ® h w h" A + h u h u )} . 

It is obvious that r] G E <g> A 2 E A {cj e } <g> ker so (I ® cj 23 ) C EH <8> (EH) 4 . 

Now, if we consider the Sp(n)Sp(l)-map Id® a: EH® (EH) 4 -> EH <g> A 4 (EH), 
where Id is the identity on EH and a is the alternation map, we will obtain 

(/d<g>a)(7?) = /rgjTAzTAe^ A^-i^^jTAzTAe^A^ 
-/ft" ® A A A - /fc" ® A A e^/i w A ^ w 
® iffe" A z"h" A e^/i w A Zfh" + x u h" ® y^h" A A e^/i w A Zfh". 
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Using identities 2.2, we can obtain the restriction (Id <g> a)(rf)\y of (Id <E> a) (77) to 
V 5 = ([EH]) 5 . Furthermore, the real part Re(Id® a)(rj)\v of this complex valued 
map belongs to V* <g> A 4 V* and, by an straightforward computation, one can check 
C (Re(Id <g> a) (rj) | V ) = 4Re(Id <g> a) (77) | V . 

If we choose x,y, z E E such that x®y/\z belongs successively to AqE, K and E, 
then Re(Id® a)(rj)\y is an element of the irreducible real Sp(n) Sp( l)-representation 
determined by AqEH, EH and EH, respectively. Therefore, by Schur's Lemma, any 
element a of these Sp(n) Sp(l)-modules satisfies C(o) = 4a. 

On the other hand, if we consider, for x, y, z G E, the tensor 

{ = {0?® (y" A z w ) Au E }®{r« h u h u A (/W + h u h u )} , 
we have (e (E® A 2 E A {u E }) <g> iercJi 2 ° (J <S> ^ 23 ) C EH <g> (EH) 4 . Therefore, 

(W <g> a)(C) = 2a; w /i w y^/i" Az u ^A /> Aefh^ + 2x w h w ® y^h^ A Aef/i"A e^<" 

-2a; w /i w ® A z w /i<" A e^/i" A e^/i w - 2x UJ h UJ ® A z<"ft w A e^/i w A e^ft w . 

Taking equations 2.2 into account, we obtain the restriction (Id® a)(C)|v °f (Id ® 
a)(C) to V 5 = ([EH]) 5 . The real part Re(Id® a)(C)|v of this complex valued map is 
in V* <g> A 4 V*. As before, one can check £ (ite(Id <g> a) (C)|v) = -2Re(Id <g> a)(C)|v 

If we choose x,y, z e E such that x ® y A z belongs successively to AqE, E 
and E, then Re(Id <g> a)(t)|v is an element of the irreducible real Sp(n)Sp(l)- 
representation determined by AqES 3 E, KS 3 H and ES 3 H, respectively. Therefore, 
by Schur's Lemma, any element a of these Sp(n)Sp(l)-modules satisfies C(a) = —2a. 

Since C is bijective on each irreducible Sp(n)Sp(l)-module of EH <g> AqES 2 H, 
then £ is an Sp(n) Sp(l)-isomorphism. □ 

4. Sp(n)Sp(l)-spaces of skew-symmetric three-forms 

In this section we study the irreducible modules which take part in the Sp(n)Sp(l)- 
decomposition of A 3 V* = A 3 (EH), given by A 3 V* = (E+E)H+(A 3 E+E)S 3 H([17]). 
For such a purpose, we consider the Sp(n)Sp(l)-map L on A 3 V* defined by 2.3. 
Relative to this Sp(n)Sp(l)-map, we have the following results. 

PROPOSITION 4.1 i) L is an Sp(n)Sp(l)-isomorphism such that L 2 = 9Id. 

ii) (K + E)H consists of those three-forms b e A 3 V* such that L(b) = 3b. 
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iii) (AgE + E)S 3 H consists of those three-forms b E A 3 V* such that L(b) = —3b. 

Proof- Part i) follows by an straightforward computation. Now, we consider the 
complex tensor 77 = a ((x^ <g> %f A z?) <g> (2h? ® - (g) (jfh" + , where 

a : (EH) 3 — > A 3 (EH) is the alternation map. 

Since 2/i w <g> /i"/^ - /i w <g> (#"/i w + /i^/V") e icer s = H, where s : ff <g> S 2 H -> S 3 H 
is the symmetrization map, then rj E (K + E)H C A 3 (EH). 

The real part Re(rj) of the restriction of 77 to [EH] is an element of the real 
Sp(n)Sp(l)-module determined by (K + E)H ((+l)-eigenspace of the real structure 
map), i.e., 

Re(r?) = -2 Jx A y A z - 2Kx A Iy A z - 2Kx Ay A Iz + 2Jx AlyAlz 
+x A Jy A z + Ix A Ky A z - Ix A Jy A Iz + x A Ky A Iz 
+x A y A Jz - Ix A Iy A Jz + Ix A y A Kz + x A Iy A Kz 

is contained in [KH] + [EH] C A 3 [EH]. Now, by straightforward computation we 
get L(Re(r])) = 3Re(rj). Hence we have part ii). 

Finally, we consider ( = a ((x w <g> %f A z w ) ®(h<g> hh)) . Taking h®hh E ker uu = 
S 3 H into account, where u u : H<g>S 2 H -> H, we have ( E (Af,E + E)S 3 H. The real 
part Re(Q of the restriction of ( to [EH] is an element of the real Sp(n)Sp(l)-module 
determined by (AjjE + E)S 3 H, i.e., 

fte(C) = xAyAz-IxAlyAz-IxAyAlz-xAlyAlz 

belongs to [AqES 3 E"] + [ES 3 H] C A 3 [EH]. By straightforward computation we get 
L(Re(()) = -3Re((). Thus part iii) follows. □ 

REMARK 4.2 Note that the condition L(b) = 3b is equivalent to (4.(i)4( 2 ) + 
yl(2) -4(3) + 4( 3 )4(!))6 = b, for A = I,J,K and, on the other hand, the condition 
L(b) = —36 is equivalent to J2a=i,j,k ^(2)A^)b = —b. Therefore, we also have these 
alternative ways to describe the spaces (K + E)H and (AqE + E)S 3 H. 

The Sp(n)Sp(l)-subspace EH of A 3 V* consists of the three-forms where 
x E V. For b E A 3 V*, its projection on EH is given by 7Teh(6) = where & is 

defined by 

(4.1) £ b (x) = 12(2t \ +1) ]T b(e r ,Ae r ,Ax) = -g^TT) S (M^a), 

A=/,J,A' A=/,J,A' 

for all x E V, where {ei, . . . , e± n } is an orthonormal basis for V. Note that the map 
A 3 V* — > V*, given by 6 — > £ b , is an Sp(n)Sp(l)-map. 



ALMOST QUATERNION-HERMITIAN MANIFOLDS 



11 



The subspace of A 3 V* consisting of the three-forms b = — 2 Y,a=i,j,k A u>a, 
where £i,£j,£k £ V*, is an Sp(n)Sp(l)-module of dimension 12n. By reasons of 
dimension, such an Sp(n)Sp(l)-module must coincide with E(H + S 3 H). Moreover, 
if is the EH-projection of b = —2J2a=i,j,k^a/^^a, then £ b = + £/ + £/<")■ 

Therefore, the subspace ES 3 H of A 3 V* consists of the three-forms b = 
—2 J2a=i,j,k A£a A u>a such that £i + £j + £k = 0. That is, the kernel of the map 
E(H + S 3 H) — > EH given by b — > ^. Hence the subspace EH can be also described 
as consisting of those three-forms b = — 2 J2a=i,j,k ^Aw^ such that = £j — £k- 
Note that, in such a situation, = = = £k and 6 = £&jfi. 

For 6 G A 3 V*, 7r E( H+s3H)0) = -2 Ea=/,j,k a u a is its projection on E(H + 
S 3 H), where 

(4-2) &,a(x) = -2^iy6(a:) - i( -L_(Ar J &, w A >, 

for all ar G V. Note that each one-form is not global, because its definition 
depends on the chosen basis {/, J, K}. However, the three-form —2 J2a=i,j,k ^6;aA 
u>a is global and b — > — 2 ^a=j ^6 ; a A constitutes an Sp(n)Sp(l)-map. 

After these considerations and taking Proposition 4.1 into account, in Table 1 
we display the corresponding conditions which describe the Sp(n)Sp(l)-subspaces 
of A 3 V* = A 3 (EH). In case of V eight- dimensional, we would have Af]ES 3 H = {0} 
and a smaller corresponding table would be obtained. 



Table 1: Sp(n)Sp(l)-subspaces of A 3 V* = A 3 (EH) 



{0} 


6 = 


KH 


L(6) = 36or A^A^b = b, for A = I,J, K, 

l<i<3<3 

and ft = 


EH 


6 = ftjQ 


AqES 3 H 


L(6) = -36 or ^ A {2) A (3) 6 = -6, 

A=I,J,K 
and ft ;/ = ft.j = ft K = 


ES 3 H 


6 = -2 ^ Aft. A A oja and ft = 
A=I,J,K 


(K + E)H 


L(6) = 36 or A {l) A (j) 6 = 6, for A = I,J,K 

l<i<j<3 


KH + A 3 ES 3 H 


ft;/ = ft;J = ft;K = 


KH + ES Z H 


L(6) =36+12 ^ £b:A A 
A=I,.1,K 


EH + AqES 3 H 


L(6) = -36 + 6ft jQ and ft ;J = ft. j = ft ;K 


E{H + S 3 H) 


6 = -2 ^ Aft ;A A u> A 

A=I,J,K 
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(AlE + E)S 3 H 


L(b) = -36 or A^A^b = -b 

A=I,J,K 


[K + E)H + kf ) ES z H 




[K + E)H + ES 3 H 


L(b) = 36 + 6g b jn + 12 i^^A^ 


KH + (AjjE + E)S 3 H 


Cb = o 


EH + (Aj^E + E)S 3 H 


L(b) = -3b + 6£ b _iQ 


(K+E)H+(Af ) E+E)S :i H 


no relation 



5. Classes of almost quaternion-Hermitian manifolds 

In this section, our aim is to deduce conditions which characterize the different 
classes of almost quaternion-Hermitian manifolds. In other words, we are going to 
show the explicit conditions which describe the <Sp(n)Sp(l)-subspaces of the space 
V* ® Af ) ES 2 H of covariant derivatives of the fundamental four-form Q. 

For such a purpose, we consider the Sp(n)Sp( l)-map d* : V*®AqES 2 H — > A 3 V*, 
defined by d*a = —Ci2(a), where C is the metric contraction. In [19] it is proved 

(5.1) ker d* = A 3 EH + KS 3 H. 

If b is a three-form, one can check that the tensors ja(--i&) satisfy i)' and ii)" of 
Proposition 3.1. Then J2a=i,j,k U(-->b) A u A e V* <S> AgES 2 ff. Therefore, we can 
consider the Sp(n)Sp(l)-map d* : A 3 V* -> (K + E)ff + (A 3 E + E)S 3 H, defined by 

= i E iA(-,L(fo))Aa; A -|| £ iAMB^AWfl))A^ 

A=J,J,.ft: A,B=I,J,K 

-^{- a (6-.n) -6 a (-..n)}, 

where fci = n — 1, A; 2 = 2n + l and L, are defined by 2.3, 4.1, 4.2, respectively. 

By straightforward computation one can check d*°d*(b) = b. Therefore, d* is 
surjective and d* is injective. 

Next we will show a relation involving the maps L, d* and L. 

LEMMA 5.1 Let C and L be the maps defined by 3.3 and 2.3, respectively. Then 



(5.2) 



d*°C = d* + L°d*. 



ALMOST QUATERNION-HERMITIAN MANIFOLDS 



13 



Proof.- In fact, let a = o x + a 2 G V* <g> AlES 2 H , where a x G (AgE + K + E)H and 
a 2 G (AqE + K + E)S 3 H. Taking Proposition 3.4 into account, we have d*C(a) = 
4d*ai — 2d*a 2 . Since d*a\ and d*a 2 are the projections of d*a on (K + E)H and 
(AqE + E)S 3 H, respectively, we have d*a x = ±(3d*a + L(d*a)) and d*a 2 = ±(3d*a- 
L(d*a)) and the required identity holds. □ 

By reiterated use of the maps C, d* and Table 1, taking Schur's Lemma into 
account, we can get the conditions which define each Sp(n)Sp( l)-subspace of V* <E> 
AqES 2 //. Identity 5.2 is used to eliminate some redundant conditions. Thus, the 
different classes are characterized by conditions displayed in the second column of 
Table 2, where we denote k\ — n — 1, k 2 — 2n + 1, £ = £d*n and £a = £,d*n-,A- 

We will show some examples to illustrate the method we follow. 

EXAMPLE 1: Let Vfi G KH, then Vfi = d*(d*Q) (we are writing d*Q = d*(VQ), 
in the context of manifolds d*Q means the coderivative of Q). From Table 1, we 
have L(d*tt) = 3d*fi and f = 0, then 

(5.3) V^ = ± X! U(a:jd*n) A w A . 

for all x G V. Thus, we could say: 

G KH if and only if Vfi satisfies 5.3, L(d*fi) = 3d*Q and £ = 
But some of these conditions are redundant. In fact, from the 
taking 4.1 and 4.2 into account, we have 

(5.4) d*Vl = §L(d*fi) - f-ift + ^ A£a A cj a . 

A^J,^ 

Since L 2 (d*fi) = 9d*fi, L(£jft) = 3f_ift and L (Ea=/,j,x - A u A ) = 
-3 Ea=/,j,^ MU ~ A ^a, we have 

(5.5) L(d*fi) = 3d*Vl - (An - - 4(n - 1) ]T A£a A cua. 

A=/,J,K" 

Now, equations 5.4 and 5.5 imply = 0. Therefore, £ = 0. 

Taking £ = §(£/ + £/ + £k") an d equation 5.4 into account, it follows next de- 
scription of the ATi^-subspace: 

Vfi G KH if and only if Vf2 satisfies 5.3 and £i = £j = £k- 

EXAMPLE 2: Let Vfi G A 3 E(H + S 3 H), then Vfi = (Vfi)i + (VQ) 2 , where 
(Vfi)i G AqEH and (Vfi) 2 G A 3 ES 3 H. By 5.1, d*fi = d*(Vfi) 2 . Since d*fi G 



0. 

equation 5.3, 
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AgES 3 H, then L(d*Q) = -3d*Q and £j = O = ^ (see Table 1). Therefore, we 
(V.fi) 2 = d*(dfi) = -| £ U(--id*fi)A^. 
From Proposition 3.4 we obtain 

(5.6) £(V.fi) = 4(V.Q)i - 2(V.fi) 2 = 4V.fi + ]T i A (-jd*fi) A u; A . 

Thus, taking 5.2 into account, we could say: 

Vfi e A 3 E(H + S 3 H) if and only if Vfi satisfies 5.6, L(d*fi) = -3d*fi and 

6 = 6 = 

But again, some of these conditions are redundant. In fact, from the equality 
5.6, taking 4.1 and 4.2 into account, we have 

(5.7) d*£(Vfi) = d*n+L(d*n) = 4d*fi+2L(d*fi)-6£jfi+8(n-l) J2 MaAu a . 

A=I,J,K 

Applying the map L to both sides of this equation, we get 

(5.8) = 3d*fi + L(d*fi)-2(4n-l)£jfi-8(n-l) £ A^Awi. 

A=I,J,K 

From equations 5.7 and 5.8, it follows = 2 J2a=i jk ^4(£a — A w^. Therefore 
- O - - 

Now, taking equation 5.7 into account, we obtain the following description of the 
subspace A 3 E(H + S 3 H): 

Vfi G A 3 E(H + S 3 H) if and only if Vfi satisfies 5.6 and £ = 0. 

As we have already pointed out, by similar considerations to those contained in 
the exposed examples, we will get the conditions given in Table 2 which describe 
how must be Vfi to belong to the different Sp(n) <Sp(l)-subspaces of V* <S> AqES 2 H. 

In the mentioned Table 2, the conditions are displayed for V = T P M, the tangent 
space at a point p of an almost quaternion-Hermitian manifold M of dimension 
higher than eight. In case M were eight-dimensional, we would have A^EH = 
AqES 3 H = {0} and an smaller corresponding table would be resultant. 

A. Swann in [16] showed that, for dimension higher than eight, Vf2 is totally 
determined by the exterior derivative dQ. Therefore, our purpose now is to describe 
the different classes of almost quaternion-Hermitian manifolds by conditions on dQ. 
For this aim, we consider we consider the alternation map a : T*M <g> Af ) ES 2 H — > 
A 5 T*M, defined by a(a)(X, Y, Z, U, V) = 6 XYZUV a(X, Y, Z, U, V), where 6 denotes 
cyclic sum. For dimension 4n > 8, it was shown in [16] that a is non-zero on each 
irreducible summand. Thus, by Schur's Lemma, applying a to the conditions already 
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obtained in terms of Vf2, we will get conditions in terms of df2 which characterize, for 
dimension An > 8, the different classes of almost quaternion- Hermitian manifolds. 
Proceeding in this way, taking Lemma below into account, we obtain the conditions 
displayed in the third column of Table 2. 

If the almost quaternion- Hermitian manifold is eight-dimensional, we have AqE = 
{0} and A 5 T*M ^ A 3 T*M = (K + E)H + ES 3 H. Therefore, a partial set of classes 
can be characterized via dQ. Table 3 contains such characterizations. 

LEMMA 5.2 Given any one-form £ and any three-form b on an almost quaternion- 
Hermitian manifold M, and the alternation map a : T*M <g> AqES 2 H — > A 5 T*M 7 
then 

(5.9) a(£(Vfi))+2dfi = L(dft), 

(5.10) a(-A(C-ift)-CA(-jft)) = 4CAfi, 

(5.11) a I UMOAwJ = 2 ^ i A bAu A . 

\A=I,J,K J A=I,J,K 

Proof- Equations 5.11 and 5.10 follow by straightforward computation. Taking 
Lemma 3.3 into account, equation 5.9 also follows by direct computation. □ 

The coderivative d*Q and one-forms £, £r, £j, ^ are involved in some of the 
conditions contained in the third column of Table 2. Therefore, it is natural question 
wether such objects can be computed by using the exterior derivative dfl. We will 
answer positively to such a question. In fact, one can check 

-fP = e 1 A . . . A e n A Ie 1 A . . . A Ie n A Je 1 A ... A Je n A fTci A ... A Xe n . 



(-!)"+! 



(2n+l)! 

Thus, taking as volume form Vol = ^n+i)! we °btain 

(5.12) d*Q = - * d * fl = * (^ n ~ 2 A dQ). 
For a one-form a on M, it can be checked that 

(5.13) * (*(a A D) A ft) = 12(n - l)(2n + l)a. 

If we consider the Sp(n)Sp( l)-map T*M <g> A 2 ES 2 H -> T*M given by Vft 
*(*(a(Vf2)) A Q), where a is the alternation map above defined, then we get 

* (*(a(Vft)) A ft) = * (*(a(7r EH (Vfi))) A ft) = * A ft) A ft) , 

Now, from Table 2 we have 

(5.14) wv.ft) = a (^n) - e a (-.ft)}. 
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Taking dfl = a(Vfi), 5.13 and 5.14 into account, we obtain the identity 

(5.15) i5{5feij*(*dnAn). 

Now, if Q, (j and (k are three one- forms, it can be checked 

(5.16) * (Eb=i,j,k * (BCb A uo b ) A uo A ) = 4nAU- 

If we consider the Sp(n)Sp(l)-map A 3 T*M — > EH + ES 3 E given by d*fi -> 
^ Xm=j,j,.r: * (*d*Q A cja) A c<ja, then, taking identity 5.16 into account, we have 
Y * (*(d*Q) A uj a ) A uj a = Y * (*(nE(H+s3H)d*£i) A uj a ) A u a 

A=I,J,K A=I,J,K 

= -Bn Y Ma A uja- 

A=I,J,K 

Hence A£ A = — §^ * (*(d*Q) A lu a ). Therefore, by 5.12, £ A can be computed via dfl. 



Now we deduce alternative ways to characterize some classes of almost quaternion- 
Hermitian manifolds. For such a purpose, we consider the Sp(n)Sp(l)-module of 
A 5 T*M given by E(H + S 3 H + S 5 H) (see [17]), which consists of those five-forms if 
such that tp = J2a b=i j k a AB A uja A u>b, where oab are one- forms. Therefore, the 
orthogonal complement (E(ff + S 3 H + S 5 H)) ± consists of those five-forms ip such 
that (a A uj a A u>b, V 5 ) — 0, for A, B = I , J, K and for all one-form a. Since, for all 
p-forms -0, 0, we have vp A *<p = (ip, <fi) Vol, it follows part i) of next lemma. 

LEMMA 5.3 An almost quaternion- Hermitian manifold satisfies: 

i) For all five-form if, <p G (E(H + S 3 ff + S 5 H)) ± i/ and on/y i/j /or A, B = 
I, J, K , *p A u>a A Ub = 0. 

ii) For A — I,J : K, we have 2{A-jd*uj A , oo A ) = *(*dQ Aw^A to a)- 

Proof - It remains to prove ii). For all three one-forms (j, (j, (k and A = I, J, K, 
by direct computation we obtain 

(5.17) * (Eb,c=i,j,k * (iB(C( c A uj c ) A uj b ) Auj a A uj a ) = -4(n - l)(2ra + 1)Ca- 

Furthermore, we have dfi = (dft)i + (dft) 2 , where (dQ)i G (A 3 E + K)(H + S 3 E) 
and (dfi) 2 G E(H + S 3 H). By part i), we have *(df2)i A A u A = 0. Now, from 
Table 2, taking 4.2, fci = n — 1 and k 2 = 2n + 1 into account, we deduce that 



(5.18) 



(dfi) 2 = 51 i A {Br] B Au B ) Au A , 

A,B=I,J,K 
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where the one-forms t]a are given by tja = — 2fc * fc2 (A-jduA, u> A ) ■ 
Hence, taking 5.17 and 5.18 into account, it follows 

* (*df2 AW/jA uoa) = * (*(dQ) 2 A uoa A ooa) = 2{A-jdu;A, ^>a)- a 

Next corollary is an immediate consequence of 4.1, 4.2 and Lemma 5.3. 

PROPOSITION 5.4 i) n EH (Vn) = if and only if *dtt A Q = 0. 

ii) 7T£ S 3 H (Vfi) = if and only if *dfl Aujj /\u I = * dQ A uj j A u j = * dQ A u K A uj k . 

hi) 7]E(H+s 3 H)(Vf2) = if and only if *dfl A u>a A u>a = 0, for A = I , J, K . □ 

In the following lines we derive an expression for d*Q which is useful to handle 
examples. We recall the following identity, given in [7], 

(5.19) 2Vw/ = duJi - I (2 )I(3)duJi - 1(2) N/, 

where Nj(X, Y, Z) = (X, Nj(Y, Z)) and the (l,2)-tensor Nj is the Nijenhuis tensor 
for I defined by N^X, Y) = [X, Y] + I [IX, Y] + I[X, IY] - [IX, IY], for all vector 
fields X, Y, Z. Moreover, we have the following fact, noted in [1], 

(5.20) N I (e i ,e i ,-)=0. 
Now, identities 5.19 and 5.20 imply 

(5.21) Id*uz — —{--ldwijUi). 

On the other hand, from d*Q = — V ei f2(ej, •, •, •) directly follows the expression 
d*Q = 2Y^ A=I JK (d*u A Aw^- AduA)- Thus, taking 5.21 into account, we obtain 

(5.22) d*tt = -2 (A-jduj A ,oj A ) Auja-2 ^ Adu A - 

A=I,J,K A=I,J,K 

Finally, we briefly point out a relation of examples already indicated in some 
references and others studied by ourselves. Because it would take up a lot of space 
in the present exposition, we reserve a more detailed presentation of these latter 
examples to future paper. If Vf2 = 0, the manifold is said to be quaternionic Kahler 
(q.K.) and its metric (,) is Einstein. The model example of such manifolds is the 
quaternionic projective space HP(n). For more q.K. examples, there is a relative 
extensive bibliography of them (for instance, [12]). If Vf2 G EH, then the manifold is 
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said to be locally conformal quaternionic Kahler (l.c.q.K.). The manifolds S 4n+3 x S 1 
are locally conformal hyperKahler which is an special case of l.c.q.K. More examples 
of these manifolds are given by L. Ornea and P. Piccinni in [11]. The theory of 
quaternionic manifolds have been independently developed by S. Salamon in [13] 
and by L. Berard Bergery and T. Ochoiai in [3]. An almost quaternion- Hermitian 
(a.q.H.) manifold is quaternionic if and only if Vf2 G (AqE + K + E)H (see [13]). 
Compact examples of quaternionic manifolds are given by D. Joyce in [10]. 

An example of eight-dimensional a.q.H. manifold such that dQ = and 
Vf2 ^ (KS 3 H type) is given by S. Salamon in [15]. Likewise one can check that the 
manifolds Aq, N 2 and N 3 given by I. Dotti and A. Fino in [5] are a.q.H. manifolds of 
type KH. The quaternionic Heisenberg group studied by L. Cordero, M. Fernandez 
and M. de Leon in [4], is an a.q.H. manifold of type (AqE+K)H. Quaternion Kahler 
manifolds with torsion, introduced by S. Ivanov in [9], can be identified with the 
class (K + E)H. Special cases of these manifolds are hyperKahler manifolds with 
torsion (HKT). The manifold (S 1 x S 3 ) 3 is HKT and hence (K + E)H. Because the 
torsion one-form is closed, doing local conformal changes of metric one can obtain 
open submanifolds of type KH. On S 3 x T 9 and (S 3 ) , one can find a.q.H. structures 
of type A 3 ) E(S 3 H + H). On T 3 x M 3 , with M a three-dimensional Lie group, either 
nilpotent or solvable, one can define a.q.H. structures of type (K + E)(S 3 H + H), 
(A 3 E + K)(S 3 H + H), (K + E)S 3 H and (A 3 E + K)H + KS 3 H. In the case of T 3 x M 3 
with a.q.H. of type (K + E)(S 3 H + H), the one-form £ is closed. Therefore, doing 
local conformal changes of metric, one can obtain open submanifolds with a.q.H. 
structure of type K(S 3 H + H) + ES 3 H. 

REMARK 5.5 The results here contained are also valid for almost quaternion 
pseudo- Hermitian manifolds as it happens with Swann's results in [16]. In such 
a case, we have an Sp(p,q)Sp(l)- structure and (4p, 4g) is the signature of the met- 
ric (,). Since 4q is even the expressions involving the Hodge -^-operator still are 
valid. In the present text, we would only need to do slight modifications in those ex- 
pressions involving an orthonormal basis {ei, . . . , e 4n } for vectors, where we would 
have to write e r = (e r ,e r ). For instance, the complex symplectic form uj e and the 
extension of (•, •) to (0, s)-tensors would be respectively given by 

lo e = A e^, (a, b) = ^ a(e h , e is )b(e h , . . . , e is )e h . . . e is . 
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Table 2: Classes of almost quaternion- Hermitian manifolds of dimension > 12 



QIC 


Vf7 = 


dn = o 


AqEH 


C(VQ) = 4V£7 and d*n = o 


L(dfi) = 6dfi and d*fi = 


KH 


6 

and 5/ = 5j = 5k 


dfi = i i A (c/*fi) A uj a 
3 

A=J, J,K 
and 5/ = 5j = 5k 


EH 


v.n = — —{■ a (gjn) - 5 a r-jQ)} 


dn = — 3-5 a n 
fel 


A ^ nrt^i tt 

AqES^H 


1 \ -« 

V.i2 = — - 1 A{--^d Q) A and £ = 


1 \ -« 

^4 = J , J, K 

and 5 = 


KS 3 H 


£(Vfi) = and d*n = 


L(dfi) = and d*fi = o 


ES 3 H 


V.Q = -L i A (.j(BfeAo) B )) A w A 

A,B=I,J,K 

and 5 = 


2 x 

dfi = — \ i A (Bi B A u) S ) A u) A 
k 2 

A,B=I,J,K 
and 5 = 


(AgE + K)H 


£(VJ2) = 4V£7 and 5 = 


L(dfi) = 6dfi and 5 = 


(AgE + E)H 


£(Vfi) = 4V£7 and d*n = 5jO 


L(dfi) = 6dfi and d*fi = 5jO 


A 3 E(H+S 3 H) 


£(V.n) = 4V.tt + iU(-J<ffi) A a; A 
A=/,,7,if 

and 5 = 


L(dfi) = 6dfi + 2 U (d*n) A oja 
A=I,J,K 

and 5 = 


A 3 prr t i(-c3 fT 
i 1q liiii ivu j. j 


,4*0 — n nr o n ~ 2 a ho — n 

(_i it \J \JL i £ / \ 111 L \J 


Idem 


AqEH + ES 3 .^ 


C(V.Cl) = 4V.n 

6 \ -« 

-— > j'a (-J (B5s A w B )) A u/i 

«2 * — ' 

A,B=I,J,K 

and d*n = -2 A5a A ui A 

A=I,J,K 


L(dfi) = 6dfi 
12 \ 

-— > j'a (S5s a n B )AajA 

«2 ^ — ' 

A,B=I,J,K 

and d*n = -2 A5a A u> A 

A=I,J,K 


(K + E)H 


V.n=i ^ i A (-jd*n) a w A 

— ^ 2 f a (P \U\ — t t\ (■ iOH 
12fci V*- 1 / ? v -'"J J 

and 5/ = 5,/ = 5k 


dn = i V" iA (d*o)A^A-^-5An 

3 ^ — ' 3fci 
A=I,J,K 

and 5/ = 5,/ = 5k 


KH + A 3 ES 3 H 


V.H=-L ^ i A (-jL(d*n)) A kja 
A=I, J,if 


dfl = i ^ i A (L(d*n)) Awa 
A=I,,7,K 


K(H+S 3 H) 


£(V.fi) = -2V.fi + V" i A (-jd*S!)AuA 

A=/,J,/f 

and 5 7 = 5,/ = 5 K 


L(dO) =2 V" iA(d*^) A WA 

A=I,J,K 
and 5 7 = 5,/ = 5k 


KH + ES 3 H 


V.f2=i ^ y(-jd*!])AwA 

A=/,J,AT 

&2 ~h 3 X — ^ 

+ — > i'a(--|(B5s Aw s ))Aw4 

3K2 z — ' 

A,B=I,J,K 


dfl = i ^ iA(d*H) A wa 
A=7, J,K 

2(fe 2 +3) V-^ • /r,, 

+ > i a (B£ b Au Jb )Auj a 

3/C2 z — ' 

A,B=I,J,K 
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EH + A 3 ES 3 H 


1 x — > 

V.Q = -- i'A(-Jd*fi)Au)4 

A=I, ,7,7f 


1 x — > 

df2 = -- iA(d*Sl)AwA 
A=/,J,K 

3fei 


EH + KS 3 H 


£(v.n) = -2v.n — ^- {■ a (Cjsj) - £ a (•_!«)} 

2ki 

and d*Q = £jQ 


L(df2) = -— £ A H and d*Cl = £_iQ. 
ki 


EH + ES 3 H 


v.n = — ^2 'aMb&aw b ))a^ 

A,B=I,J,K 


2 \ 

dCl = — } ia{B(,b A (o b ) A uj a 
k 2 t-~t 

A,B=I,J,K 

— (AS1 

fei k 2 


(A 3 E + K)S 3 H 


£(Vn) = and £ 7 = £j = £ x 


L(dCl) = and £ 7 = £j = £ K 


(A 3 E + E)S 3 H 


V.n = -i ^ U(-Jd*J2) A a; a 

A=J, J,if 

— — — > Ul'JWB A WgJ) A U/l 
3/C2 ^— ^ 

A,B=7,,7,7f 

and £ = 


dfi = -i ^ iA(d*n)AwA 

A=/,J,7f 
4fci V— v 
— — — > lA^SBAtiJBjAUA 
3/C2 z — ' 

A,B=I, J,K 

and £ = 


(K + E)S 3 H 


£(v.n) = -2v.n 

and d*S7 = -2 A£a A cja 
A— I ,J,K 


L(dCl) = 

and d*f2 = -2 A£a A oja 
A— I ,J,K 


(A 3 E+K+E)H 


C(VCl) = 4Vf! 


L(dQ) = 6dCl 


(A 3 E + K)H + 
Af ) ES 3 H 


£(V.Q) = + i ^ iA('jd*Q)AwA 

A=/,J,/f 

— - ij('jL(d*n))Awi andf = 

— ' 

A=I,J,K 


L(dfi) = 6dCl + ^ u(d*J2) A u> A 
A=I,J,K 

— - iA(L(d*Q))A(OA and£ = 

^ ^^^^ '/I \ \ // -1 s w 

A=7, J,if 


(A 3 E + K)H + 
KS 3 H 


L(d*Cl) = 3d* CI and £ = 


Idem 


(A 3 E + K)H + 
ES :i H 


£(V.Q) = - — ^ i A (--i(B£ s A 
fc 2 ^-^ 

A , B — 7 , ,7, i^T 

w B )) Au A 


L(dfi) = 6dH - — iA(S? B A 
fc 2 

A , B — I . ,7, K 

(Ob) A wa 


A 3 E(/f + S 3 H) 
+ EH 


£(V.ft) = 4V.Q + V" i A (-jd*Si)AuA 
A=/,,7,if 
- ■ A (£jf2) + £ A (-JQ) 


L(dQ) = 6dH + 2 ^ iA(d*Q)AwA 
A=7,,7,7f 

— 4^ a n 


(A 3 E + E)H + 
KS S H 


d*n = £jn 


Idem 


(AqE + E)H + 
ES 3 H 


CCV.Cl) = 4V.Q - — ^ j a (-j(BCsA 

&2 ^— ^ 

A, B=I,, 7,7f 

wjj)) Aua- — {• A (£ jH) - £ A (-_ifi)} 

&2 

and d*ft = -2 X)a=/, J,k A wa 


12 \ ^ 

L(dQ.) = 6dfl > i A (B^ B A 

fc 2 

A,B=I,J,K 
12 

tci s ) Aua- — ? A CI 
k 2 

and d*Q = -2 X^a=/, A ^ a ua 


A 3 E(H + S 3 H) 
+ KS 3 H 


L(d*Jl) = -3d*f7 and £/ = £j = £ K 


Idem 
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A 3 E(H + S 3 H) 
+ ES 3 H 


C(V.n) = 4V.Q + ^ U(--id*Cl) Aoja 

A=I,.J,K 

4/ci x — ^ 
+ — i'a(--|(-B£b Aw B )) Awa 

A B=I J K 
and £ = 


L(dQ) = 6dn + 2 ^2 iA(d*n)Au> A 
A=I,J,K 

+ ~kt 51 ia(B£ b Aw B ) Alua 
A B=I .J K 

and £ = 


(K + E)S 3 H 
+ A 3 EH 


d*Q = -2 A£a A wa and £ = 

A=I,J,K 


Idem 


(K + E)H 
+ AgES 3 H 


V.n=^ ^ iA(-jL(d*Q)) A 

A=J,J,iC 

-^■{•A«jn)-€A(.jn)} 


dfl = i ^ i'A(L(d*n)) A wa 
A=/,,7,if 

3fcl 


K(H + S 3 H) 
+ EH 


£(V.Q) = -2V.H + iA(-jd*^) A ui A 

A=I,J,K 

--^{. A ($jn)-eA(.jQ)} 


L(dft) = 2 iA(d*fi) A w A 
A=I,J,K 


E(H + S 3 H) + 
KH 


1 X — ^ 

V.H=- > i A (-jd*Q) A oja 
6 — ' 

A=J,,7,/f 

+ fc2 + 3 i A (.j(BfoAw B ))AuA 
3/C2 ^-^ 

A,B=I,J,K 

o 

-7Tl-^ A ^)-5A(-jn)} 

4fci fc 2 


1 X — T 

dfi = - 2 'A(d*Q) A lua 
A=I,.J,K 
2fc 2 + 6 

H — > 'a(B£b Auj b ) Aoja 

3fe 2 

A,B=/,,/,lf 
(ASJ 


K(H + S 3 H) 
+ A 3 ES 3 H 


£(V.Q) = -2\7.Q + I ^ i A (-_id*n) Aui A 

A=I,J,K 

-X- ^ \ ; , /. ,r /'r/*0^ a f,» a 
+ — / 1 A( -' J ^( a M)) /\<JJA 

A=I,.J,K 

and = £,/ = £ K 


L(dft) = V" iA(d*f7)A^A 
A=I,J,K 

4- ^ \ J „ (J (A*OW A /,i a 

A=I,.J,K 
and = §j = 


(A 3 E + E)S 3 H 
+ KH 


V ' Q= TS 51 ; A(-jL(d*^)) A^a 
A=I,.J,K 
2fci v — *v 
-— > i A (-j(B^B A ljb)) A a; a 
3fc 2 

A,B=/,,/,lf 


dQ=i i A (L(d*n)) A^a 

A=/,J,K 
4fci v — *v 
-— — > 'a(B£b Au) B ) Aui a 
3k 2 ^-^ 

A,B=I,J,K 


K(H + S 3 H) 
+ ES 3 H 


£(V.Q) = -2V.n + i A (-jd*Q) Aui A 

A=I,.J,K 

+ 2 ^ i A (.j(BesAufl))A(JA 
A,B=I, J,K 


L(dQ) = 2 i'A(d*n) A w A 

A=I,.J,K 

+ 4 ^ JA (B£b A cjb ) A u)a 
L A,B=I,J,K 


(AqE + K)S 3 H 
+ EH 


£(V.Q) = -2V.n ~~ {• A (f - £ A (-jH)} 

2fci 

and = £j = |k 


L(dQ) = A n and = O = fif 


E(H + S 3 H) 
+ A 3 ES 3 H 


V.f2 = -i ^ Uf'Jd'fijAuA 

A=J, J,lf 

2&i x — ^ 

-— — > j'a(-j(B?b Ao; s ))Ao;a 
6K2 — ' 

A,B=I,J,K 

-7lV^ A ^)-5A(-jn)} 

4fei fc? 


di7 = — i iA(d*n)A^A 
A=I,.J,K 
4fci \ ^ 
-— — > iA{B£,B/\u B )Au)A 
3/C2 ' — ' 

A,B=/,,7.K 

3 

ZASl 

fci k? 
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E(H + S [i H) 
+ KS 3 H 


q 

£(V.Q) = -2V.H {-A (f - £ A (-jH)} 

2fci 

and d*f2 = — 2 ^ ' A£a A u>a 

A=I,J,K 


L(dft) = ^ A £7 

2fci 

and d*f2 = — 2 ^ ' A£a A a; a 

A=/,J,K 


( A 3 T? j TJ~ 1 T?\ 

(7Vq£; + A + .£/) 


rfT7Cf\ OV70 

-C^ViiJ — — ZVlZ 


Ij^ai Z ) — U 


A 3 E(H + S 3 H) 
+ (K + E)H 


1 X — ■» 

£(V.Q) = 4V.Q+ - 2^ J A (-Jd*n) Aw A 

-- iA(-jL(dQ)) 
A=i\,/,K 


L(dQ) = 6dfl + ^2 J A(d*^) A u) A 

A=I,J,K 

-- ^2 'A(L(dfl)) Aui A 
A=I,J,K 


K(H + S 3 H) 
+ (A 3 E + E)H 


L(d*n) = 3d*Q 


Idem 


E(H + S 3 H) 
+ (A 3 E + K)H 


£(V.S1) = 4V.f2 {• A (§ jSI) - § A (-JO)} 

6 \ - 

-— 2^ i'a(--|(-B5b Aw s ))Aoja 


12 

L(d£2) = 6d£2 £ A f2 

-— 2^ j a(-B^b Au s )Aw a 
A,B=I,,7,K 


(A 3 E + K) 
(H + S 3 H) 


?/ = O = €x = o 

or *df2 A a; a A a; a = 0, for A = I,J,K 


Idem 


A 3 E(H + S 3 ff) 
+ KH + ES 3 H 


£(V.Q) = + i ^ i A (-Jdn)Ao;A 

A=I,J,K 

51 ^(-J^(d*Q)) Au>a 

A,B=I,J,K 

4A-i v — ^ 

1 X III. /RCn A/.tnll Al.l 1 

-h— > JA I'J^^S ALt-'B,),* A ^A 
fe 2 

A,B=I,J,K 


L(dQ) = 6dft + ^ iA(d^) A u) A 

A=I,J,K 

~\ zC iA(L(d*Q))AuJA 
A,B=I,J,K 

8fci ■ 

-T— y 1a\&KB l\^Bji^A 
A,B=I,J,K 


V ^ / 

+ (K + E)S 3 H 


T {rl*0*\ — ^rf*0 4- 1 9 \ AC . A . 

A=I,J,K 


Idem 


(AgE + E)H + 
(A 3 E + K)S 3 H 


L(d S2) = — 3d 11 + 6£jS2 
and £j = £j = £ K 


Idem 


(A 3 E + E)(H 
+ S 3 H) 


A=I,.J,K 

_i. { . A(?J n)-gA(-jn)} 

+ -^- ^ iA(-j(B(BAw B ))Au A 
A,B=i\,/,K 


L(dSl) = 6dSl + 2 i A (d* Q) A uj a 
A=I,.J,K 

12 

- — £AQ 

^2 

+ "fe7 X/ j 'a(-^^B Aa;^) Acja 
A,B=I,.1,K 


(A 3 E + E)H + 
(K + E)S 3 H 


d*Q = -2 ^ A^a A 

A=I,J,K 


Idem 


A 3 E(H + S 3 H) 
+ (K + E)S 3 H 


L(d*Q) = -3d* CI 


Idem 


(K + E)H + 
(A 3 E + K)S 3 H 


£(V.Q) = -2V.ft + i ^ i A (.jd*S])Aw A 

A=/,,/,lf 

+ i i A ('jL(d*Sl))Aoj A 
A=I,J,K 

- ^|-{-A«jn)-CA(.jn)} 

and 5 7 = £j = ^ K 


L(dQ) = V" iA(d*f!) A w A 
A=/,,/,lf 

+ \ zC ; A(i(d*^)) A^a 
A=J, J,if 

and ^ = £j = ( K 
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(AqE + E)S 3 H 


V7 o — — \ A i , (. i r fw*0^ a i.i \ 

A=I,J,K 

- 4 i fe C 2 2{ - A( ^- ?A( ^ )} 

2fci v — *v 
- TT - / j 'a(--|(B5s A u b )) A w A 

dK2 * ' 

A,B=I,J,K 


us £ — — J A V-^V / / ' ' ^A 
A=/,,7,if 

1 2 £ Afi 

3feifc2 
4fci v — > 
-— — > M^foAwsjA^ 
3«2 * — ' 

A,B=J, J,if 


(K+E)(H+S' i H) 


c(v.n) = -2V.Q, + ^2 U(--id*n) au> a 

A=I,J,K 

-^{•A(£jQ)-£A(-jn)} 

+ 2 i A (-j(B( B A<J B ))A^ 
A,B=I,J,K 


L(dSl) = 2 ^ i A (d*Sl)Au A 
A=I,J,K 

+ 4 ^ i A (.B£ s Au; s )Aw A 
A,B=I,.J,K 


K(H + S 3 H) + 
(AqE + E)S 3 H 


£(V.fi) = -2V.H + i i A (-jd*Sl) Aw A 

A=J,J,lf 

+ i m(-jL(<J*^)) a^ a 


L(dfi) = V" i A (d*Sl)Aw A 

A=J, J,if 

+ J X! iA(L(d*^))A^ A 
A=/,J,K 


E(H + S 3 H) + 


£(V.fi) = -2V.H-— {■ A(§jS1)-£a(-jS1)} 
2fci 


L(dQ) = — J; A SI 


(AyE + K)H + 
(AyE + K)S 3 H 
+ EH 


*<1QAujjAlui = *dQAu>j Auij = *dSl Au>k Au)k 


Idem 


(\3 jp ■ R1H 4- 
(AqE + E)S 3 H 
+ KH 


c(v ni — 4V si + i irf*ni Awj 

^ — ' y V ' a Li J ^ V ' ki L | ^^^^ I y <i L J / \ \JJ 

A=I,J,K 

1 \ ^ 

-- 2^ i A (--iE(d*Q)) Aw A 

-^l{. A «jn)-{A(.jn)} 

fa 

+ ~r~ j'a(--i(B5sAw s ))aw a 

A,B=J, J,if 


TJdQ) — 6dS7 + \ i a (d* Q) A uj a 

A=J, J,if 

1 \ ^ 

-- 2^ i A (L(d*Sl)) Aw A 

A=I, J.if 

8fci 
fe 2 

+ — — i A (.B£ B Au> B )Au> A 

K2 ' 

A, B =I, J,K 


(K + E)(H + 
S 3 H) + A 3 EH 


L(d*ST) = 3d*S7 + 6£jSl + 12 \ A£ A Aw A 

A=/,J,K 


Idem 


(AqE + K)(H + 
S 3 H) + ES 3 H 


£ = or *dSl A n = 


Idem 


(AqE + E)(H + 
S 3 H) + KS 3 H 


L(d*Sl) = -3d*Sl + 6£jSl 


Idem 


(K + E)(H + 
S 3 H) + A 3 ES 3 H 


£(v.n) = -2v.n + i ^ u(-jd*n) a^ a 

+ i i A (-jL(d*S7)) Aw A 
A=I,J,K 

-^■{•AKjn)-fA(-jn)} 


L(dSl) = V" i A (d*Sl)Aw A 
A=I, J,K 

+ i ^ i A (L(d*n))Au, A 

A=I,J,K 


(A 3 E + K + E)(H 
+ S 3 H) 


no relation 


no relation 
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Table 3: Partial classification via df2, for An = 8. 



KS 3 H 


dfl = 


K(H + S 3 H) 


£/ = £j = £.K = or *dSl A u>a A u>a = 0, for A = I,J,K 


EH + KS 3 H 


dQ = -£ A n 


(K + E)S 3 H 


2 \ 

df2 = - > ia(B^b A w b ) A u) A and £ = 0, or L(dQ) = 
5 — ' 

A,B=I,J,K 


K(H + S 3 H) + EH 


& =£j = £ K or L(df2) = 6df7 


K(H+S 3 H)+ES 3 H 


£ = or *df2 A!1 = 


E(H+S 3 H)+KS 3 H 


2 \ - 3 

dU = - } ia{B^b A uij) A <x>a — —£ A CI 
5 ^ — ' 5 

A,B=I,J,K 


(K + E)(H + S 3 H) 


1 \ ^ 16 \ ^ 3 

dn=- > i A (d*Q)AwA + -- > U(B5s Aw B )AwA--(Afi 
3 ^— ' 15 ^— ' 5 

A=I,J,K A,B=I,J,K 
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